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INTRODUCTION AND PRELIMINARIES 
 
Throughout this paper  𝑅 will be represent an associative ring with center 𝑍(𝑅). Recall that 𝑅 is a prime if 
𝑎𝑅𝑏 = 0 implies that either 𝑎 = 0 or 𝑏 = 0 and is semiprime if 𝑎𝑅𝑎 = 0 implies 𝑎 = 0. An additive map 
𝑑: 𝑅 →  𝑅 is called a derivation of 𝑅  if 𝑑 (𝑥𝑦) =  𝑑(𝑥) 𝑦 +  𝑥 𝑑(𝑦) for all 𝑥,𝑦 in R. An additive map 
𝐹: 𝑅 →  𝑅 is called a generalized derivation if there exists a derivation  𝑑: 𝑅 →  𝑅 such that  𝐹(𝑥𝑦)  =
 𝐹(𝑥) 𝑦 + 𝑥 𝑑(𝑦) for all 𝑥,𝑦  ∈   𝑅. An additive map 𝐹: 𝑅 →  𝑅 is called a left generalized derivation if 
there exists a derivation  𝑑: 𝑅 →  𝑅 such that  𝐹(𝑥𝑦)  =  𝑑(𝑥) 𝑦 + 𝑥 𝐹(𝑦)  for all 𝑥,𝑦 ∈  𝑅. An additive 
map 𝛿: 𝑅 →  𝑅 is called a left generalized Jordan  derivation if there exists a derivation 𝜏: 𝑅 →  𝑅 such 
that 𝛿(𝑥2)  =  𝜏(𝑥)𝑥 + 𝑥 𝛿(𝑥) for all 𝑥,𝑦 ∈  𝑅.  An additive map    𝛿: 𝑅 →  𝑅 is called a left generalized 
Jordan  triple derivation if there exists a derivation 𝜏: 𝑅 →  𝑅 such that 𝛿(𝑎𝑏𝑐) =  𝜏(𝑎)𝑏𝑐 + 𝑎 𝜏(𝑏)𝑐 +
𝑎𝑏𝛿(𝑐) for all 𝑎, 𝑏, 𝑐 ∈  𝑅. The concept of generalized derivations, Jordan derivations and Jordan triple 
derivation was introduced by Hvala [4] and Bresar [1]. Generalized Jordan derivation defined by J.Zhu and 
C.Xiong[5]. Wu jing and shijie lu [6] studied generalized Jordan derivations on prime rings and standard 
operator algebras . In this paper we  proved some results of left generalized Jordan derivation and left 
generalized Jordan triple derivation in 2-torsion free prime ring is a left generalized derivation. 
 

𝐌𝐚𝐢𝐧 𝐫𝐞𝐬𝐮𝐥𝐭𝐬: 
 

Lemma1: 𝐹𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏, 𝑐 ∈ 𝑅 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡𝑠 ℎ𝑜𝑙𝑑: 
𝑖)𝛿(𝑎𝑏 + 𝑏𝑎) = 𝜏(𝑎)𝑏 + 𝑎𝛿(𝑏) + 𝜏(𝑏)𝑎 + 𝑏𝛿(𝑎); 

𝑖𝑖)𝛿(𝑎𝑏𝑎) = 𝜏(𝑎)𝑏𝑎 + 𝑎𝜏(𝑏)𝑎 + 𝑎𝑏𝛿(𝑎); 
𝑖𝑖𝑖)𝛿(𝑎𝑏𝑐 + 𝑐𝑏𝑎) =  𝜏(𝑎)𝑏𝑐 + 𝑎𝜏(𝑏)𝑐 + 𝑎𝑏𝛿(𝑐) + 𝜏(𝑐) 𝑏𝑎 + 𝑐𝜏(𝑏)𝑎 + 𝑐𝑏𝛿(𝑎). 
𝑷𝒓𝒐𝒐𝒇: 𝑖)𝛿(𝑎 + 𝑏)2 = 𝛿((𝑎 + 𝑏)(𝑎 + 𝑏)) = 𝜏(𝑎 + 𝑏)(𝑎 + 𝑏) + (𝑎 + 𝑏)𝛿(𝑎 + 𝑏) 

= 𝜏(𝑎)𝑎 + 𝜏(𝑎)𝑏 + 𝜏(𝑏)𝑎 + 𝜏(𝑏)𝑏 + 𝑎𝛿(𝑎) + 𝑎𝛿(𝑏) + 𝑏𝛿(𝑎) + 𝑏𝛿(𝑏). 
𝛿(𝑎 + 𝑏)2 = 𝜏(𝑎)𝑎 + 𝜏(𝑎)𝑏 + 𝜏(𝑏)𝑎 + 𝜏(𝑏)𝑏 + 𝑎𝛿(𝑎) + 𝑎𝛿(𝑏) + 𝑏𝛿(𝑎) + 𝑏𝛿(𝑏).                                   (1)        
On the other hand, we have 
𝛿(𝑎 + 𝑏)2 = 𝛿((𝑎 + 𝑏)(𝑎 + 𝑏) ) 
=𝛿(𝑎2 + 𝑎𝑏 + 𝑏𝑎 + 𝑏2) =  𝛿(𝑎2) + 𝛿(𝑎𝑏 + 𝑏𝑎) + 𝛿(𝑏2) 
= 𝜏(𝑎)𝑎 + 𝑎𝛿(𝑎) + 𝛿(𝑎𝑏 + 𝑏𝑎) + 𝜏(𝑏)𝑏 + 𝑏𝛿(𝑏). 
𝛿(𝑎 + 𝑏)2 =  𝜏(𝑎)𝑎 + 𝑎𝛿(𝑎) + 𝛿(𝑎𝑏 + 𝑏𝑎) + 𝜏(𝑏)𝑏 + 𝑏𝛿(𝑏).                                                                  (2) 
From (1) &(2),we have 
𝜏(𝑎)𝑎 + 𝜏(𝑎)𝑏 + 𝜏(𝑏)𝑎 + 𝜏(𝑏)𝑏 + 𝑎𝛿(𝑎) + 𝑎𝛿(𝑏) + 𝑏𝛿(𝑎) + 𝑏𝛿(𝑏)

= 𝜏(𝑎)𝑎 + 𝑎𝛿(𝑎) + 𝛿(𝑎𝑏 + 𝑏𝑎) + 𝜏(𝑏)𝑏 + 𝑏𝛿(𝑏) 
𝛿(𝑎𝑏 + 𝑏𝑎) = 𝜏(𝑎)𝑏 + 𝑎𝛿(𝑏) + 𝜏(𝑏)𝑎 + 𝑏𝛿(𝑎). 
ii) Let 𝑊 = 𝛿(𝑎(𝑎𝑏 + 𝑏𝑎) + (𝑎𝑏 + 𝑏𝑎)𝑎). 
On one hand, we have 
𝑊 = 𝜏(𝑎)(𝑎𝑏 + 𝑏𝑎) + 𝑎𝛿(𝑎𝑏 + 𝑏𝑎) + 𝜏(𝑎𝑏 + 𝑏𝑎)𝑎 + (𝑎𝑏 + 𝑏𝑎)𝛿(𝑎) 
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𝑊 = 𝜏(𝑎)𝑎𝑏 + 𝜏(𝑎)𝑏𝑎 + 𝑎�𝜏(𝑎)𝑏 + 𝑎𝛿(𝑏) + 𝜏(𝑏)𝑎 + 𝑏𝛿(𝑎)� + �𝜏(𝑎)𝑏 + 𝑎𝜏(𝑏) + 𝜏(𝑏)𝑎 + 𝑏𝜏(𝑎)�𝑎

+ 𝑎𝑏𝛿(𝑎) + 𝑏𝑎𝛿(𝑎) 
𝑊 = 𝜏(𝑎)𝑎𝑏 + 𝜏(𝑎)𝑏𝑎 + 𝑎𝜏(𝑎)𝑏 + 𝑎2𝛿(𝑏) + 𝑎𝜏(𝑏)𝑎 + 𝑎𝑏𝛿(𝑎)) + (𝜏(𝑎)𝑏 + 𝑎𝜏(𝑏) + 𝜏(𝑏)𝑎 +
𝑏𝜏(𝑎) )𝑎 + 𝑎𝑏𝛿(𝑎) + 𝑏𝑎𝛿(𝑎).                                                                                                                      (3) 
On the other hand, we have 
𝑊 = 𝛿(𝑎2𝑏 + 2𝑎𝑏𝑎 + 𝑏𝑎2). 
𝑊 = 𝜏(𝑎2)𝑏 + 𝑎2𝛿(𝑏) + 2𝛿(𝑎𝑏𝑎) + 𝜏(𝑏)𝑎2 + 𝑏𝛿(𝑎2)  
𝑊 = (𝜏(𝑎 )𝑎 + 𝑎𝜏(𝑎))𝑏 + 𝑎2𝛿(𝑏) + 2𝛿(𝑎𝑏𝑎) + 𝜏(𝑏)𝑎2 + 𝑏(𝜏(𝑎)𝑎 + 𝑎𝛿(𝑎))  
𝑊 = 𝜏(𝑎 )𝑎𝑏 + 𝑎𝜏(𝑎)𝑏 + 𝑎2𝛿(𝑏) + 2𝛿(𝑎𝑏𝑎) + 𝜏(𝑏)𝑎2 + 𝑏𝜏(𝑎)𝑎 + 𝑏𝑎𝛿(𝑎).                                          (4) 
From (3) & (4), we have 
𝜏(𝑎)𝑎𝑏 + 𝜏(𝑎)𝑏𝑎 + 𝑎𝜏(𝑎)𝑏 + 𝑎2𝛿(𝑏) + 𝑎𝜏(𝑏)𝑎 + 𝑎𝑏𝛿(𝑎)) + 𝜏(𝑎)𝑏𝑎 + 𝑎𝜏(𝑏)𝑎 + 𝜏(𝑏)𝑎2 + 𝑏𝜏(𝑎)𝑎

+ 𝑎𝑏𝛿(𝑎) + 𝑏𝑎𝛿(𝑎)
= 𝜏(𝑎 )𝑎𝑏 + 𝑎𝜏(𝑎)𝑏 + 𝑎2𝛿(𝑏) + 2𝛿(𝑎𝑏𝑎) + 𝜏(𝑏)𝑎2 + 𝑏𝜏(𝑎)𝑎 + 𝑏𝑎𝛿(𝑎) 

2𝛿(𝑎𝑏𝑎) =  2𝜏(𝑎)𝑏𝑎 + 2𝑎𝜏(𝑎)𝑏 + 2 𝑎𝑏𝛿(𝑎) 
Since 𝑅 is 2-torsion free, we get  
𝛿(𝑎𝑏𝑎) = 𝜏(𝑎)𝑏𝑎 + 𝑎𝜏(𝑎)𝑏 +  𝑎𝑏𝛿(𝑎). 
(𝑖𝑖𝑖) Linearizing (ii) by replacing 𝑎 by 𝑎 + 𝑐 
𝛿�(𝑎 + 𝑐)𝑏(𝑎 + 𝑐)� = 𝜏(𝑎 + 𝑐)𝑏(𝑎 + 𝑐) + (𝑎 + 𝑐)𝜏(𝑏)(𝑎 + 𝑐) + ( 𝑎 + 𝑐)𝑏𝛿(𝑎 + 𝑐) 
From L.H.S 
𝛿�(𝑎 + 𝑐)𝑏(𝑎 + 𝑐)� = 𝛿�(𝑎𝑏 + 𝑐𝑏)(𝑎 + 𝑐)� 
= 𝛿(𝑎𝑏𝑎 + 𝑎𝑏𝑐 + 𝑐𝑏𝑎 + 𝑐𝑏𝑐) 
= 𝛿(𝑎𝑏𝑎) + 𝛿(𝑎𝑏𝑐) + 𝛿(𝑐𝑏𝑎) + 𝛿(𝑐𝑏𝑐) 
= 𝜏(𝑎)𝑏𝑎 + 𝑎𝜏(𝑏)𝑎 + 𝑎𝑏𝛿(𝑎) + 𝛿(𝑎𝑏𝑐 + 𝑐𝑏𝑎) + 𝜏(𝑐)𝑏𝑐 + 𝑐𝜏(𝑏)𝑐 + 𝑐𝑏𝛿(𝑐) 
𝛿�(𝑎 + 𝑐)𝑏(𝑎 + 𝑐)� = 𝜏(𝑎)𝑏𝑎 + 𝑎𝜏(𝑏)𝑎 + 𝑎𝑏𝛿(𝑎) + 𝛿(𝑎𝑏𝑐 + 𝑐𝑏𝑎) + 𝜏(𝑐)𝑏𝑐 + 𝑐𝜏(𝑏)𝑐 + 𝑐𝑏𝛿(𝑐) .      (5) 
From R.H.S 
𝜏(𝑎 + 𝑐)𝑏(𝑎 + 𝑐) + (𝑎 + 𝑐)𝜏(𝑏)(𝑎 + 𝑐) + ( 𝑎 + 𝑐)𝑏𝛿(𝑎 + 𝑐) 
= (𝜏(𝑎) + 𝜏(𝑐))(𝑏𝑎 + 𝑏𝑐) + (𝑎𝜏(𝑏) + 𝑐𝜏(𝑏))(𝑎 + 𝑐) + ( 𝑎𝑏 + 𝑐𝑏)(𝛿(𝑎) + 𝛿(𝑐)) 
= 𝜏(𝑎)𝑏𝑎 + 𝜏(𝑎)𝑏𝑐 + 𝜏(𝑐)𝑏𝑎 + 𝜏(𝑐)𝑏𝑐 + 𝑎𝜏(𝑏)𝑎 + 𝑎𝜏(𝑏)𝑐 + 𝑐𝜏(𝑏)𝑎 + 𝑐𝜏(𝑏)𝑐 +  𝑎𝑏 𝛿(𝑎) + 𝑐𝑏 𝛿(𝑎) +
𝑎𝑏 𝛿(𝑐) + 𝑐𝑏𝛿(𝑐).                                                                                                                                            (6) 
From (5) & (6), we get 

𝜏(𝑎)𝑏𝑎 + 𝑎𝜏(𝑏)𝑎 + 𝑎𝑏𝛿(𝑎) + 𝛿(𝑎𝑏𝑐 + 𝑐𝑏𝑎) + 𝜏(𝑐)𝑏𝑐 + 𝑐𝜏(𝑏)𝑐 + 𝑐𝑏𝛿(𝑐)   
= 𝜏(𝑎)𝑏𝑎 + 𝜏(𝑎)𝑏𝑐 + 𝜏(𝑐)𝑏𝑎 + 𝜏(𝑐)𝑏𝑐 + 𝑎𝜏(𝑏)𝑎 + 𝑎𝜏(𝑏)𝑐 + 𝑐𝜏(𝑏)𝑎 + 𝑐𝜏(𝑏)𝑐
+  𝑎𝑏 𝛿(𝑎) + 𝑐𝑏 𝛿(𝑎) + 𝑎𝑏 𝛿(𝑐) + 𝑐𝑏𝛿(𝑐) 

𝛿(𝑎𝑏𝑐 + 𝑐𝑏𝑎) = 𝜏(𝑎)𝑏𝑐 + 𝑎𝜏(𝑏)𝑐 + 𝑎𝑏 𝛿(𝑐) +  𝜏(𝑐)𝑏𝑎 + 𝑐𝜏(𝑏)𝑎 + 𝑐𝑏 𝛿(𝑎). 
𝑳𝒆𝒎𝒎𝒂 𝟐:[2]Let 𝑅 be a semi prime ring if 𝑎𝑥𝑏 = 0  for all 𝑥 ∈ 𝑅, then𝑏𝑥𝑎 = 0. 
It will be convenient to denote 𝑎𝑏 = 𝛿(𝑎𝑏) − 𝜏(𝑎)𝑏 − 𝑎𝛿(𝑏) and[𝑎, 𝑏] = 𝑎𝑏 − 𝑏𝑎. 
We can easily, we have 

𝑖)𝑎𝑏 = −𝑏𝑎; 
𝑖𝑖)𝑎𝑏+𝑐 = 𝑎𝑏 + 𝑎𝑐 ;  
𝑖𝑖𝑖)(𝑎 + 𝑏)𝑐 = 𝑎𝑐 + 𝑏𝑐.  

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟏: If  𝑅  is semiprime, then 𝑎𝑏𝑥 [𝑎, 𝑏] = 0 for arbitrary 𝑎, 𝑏, 𝑥 ∈ 𝑅. 
𝑷𝒓𝒐𝒐𝒇: Let𝑊 = 𝛿(𝑎𝑏𝑥𝑏𝑎 + 𝑏𝑎𝑥𝑎𝑏), 
 𝑊 = 𝛿((𝑎𝑏)𝑥(𝑏𝑎) + (𝑏𝑎)𝑥(𝑎𝑏)) 
On theone hand, we have 
 𝑊 = 𝜏(𝑎𝑏)𝑥𝑏𝑎 + 𝑎𝑏𝜏(𝑥)𝑏𝑎 + 𝑎𝑏𝑥𝛿(𝑏𝑎) + 𝜏(𝑏𝑎)𝑥𝑎𝑏 + 𝑏𝑎𝜏(𝑥)𝑎𝑏 + 𝑏𝑎𝑥𝛿(𝑎𝑏) 
𝑊 = (𝜏(𝑎)𝑏 + 𝑎𝜏(𝑏))𝑥𝑏𝑎 + 𝑎𝑏𝜏(𝑥)𝑏𝑎 + 𝑎𝑏𝑥𝛿(𝑏𝑎) + (𝜏(𝑏)𝑎 + 𝑏𝜏(𝑎))𝑥𝑎𝑏 + 𝑏𝑎𝜏(𝑥)𝑎𝑏 + 𝑏𝑎𝑥𝛿(𝑎𝑏) 

𝑊 = 𝜏(𝑎)𝑏𝑥𝑏𝑎 + 𝑎𝜏(𝑏)𝑥𝑏𝑎 + 𝑎𝑏𝜏(𝑥)𝑏𝑎 + 𝑎𝑏𝑥𝛿(𝑏𝑎) + 𝜏(𝑏)𝑎𝑥𝑏𝑎 + 𝑏𝜏(𝑎)𝑥𝑎𝑏 + 𝑏𝑎𝜏(𝑥)𝑎𝑏 +
𝑏𝑎𝑥𝛿(𝑎𝑏).                                                                                                                                                      (7) 
On the other hand, we have 

 𝑊 = 𝛿(𝑎(𝑏𝑥𝑏)𝑎 + 𝑏(𝑎𝑥𝑎)𝑏)
= 𝜏(𝑎)𝑏𝑥𝑏𝑎 + 𝑎𝜏(𝑏𝑥𝑏)𝑎 + 𝑎𝑏𝑥𝑏𝛿(𝑎) + 𝜏(𝑏)𝑎𝑥𝑎𝑏 + 𝑏𝜏(𝑎𝑥𝑎)𝑏 + 𝑏𝑎𝑥𝑎𝛿(𝑏) 

𝑊 = 𝜏(𝑎)𝑏𝑥𝑏𝑎 + 𝑎𝜏(𝑏)𝑥𝑏𝑎 + 𝑎𝑏𝜏(𝑥)𝑏𝑎 + 𝑎𝑏𝑥𝜏(𝑏)𝑎 + 𝑎𝑏𝑥𝑏𝛿(𝑎) + 𝜏(𝑏)𝑎𝑥𝑎𝑏 + 𝑏𝜏(𝑎)𝑥𝑎𝑏 +
𝑏𝑎𝜏(𝑥)𝑎𝑏 + 𝑏𝑎𝑥𝜏(𝑎)𝑏 + 𝑏𝑎𝑥𝑎𝛿(𝑏).                                                                                                            (8) 
From equation (7) & (8), we get 
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𝜏(𝑎)𝑏𝑥𝑏𝑎 + 𝑎𝜏(𝑏)𝑥𝑏𝑎 + 𝑎𝑏𝜏(𝑥)𝑏𝑎 + 𝑎𝑏𝑥𝛿(𝑏𝑎) + 𝜏(𝑏)𝑎𝑥𝑏𝑎 + 𝑏𝜏(𝑎)𝑥𝑎𝑏 + 𝑏𝑎𝜏(𝑥)𝑎𝑏 + 𝑏𝑎𝑥𝛿(𝑎𝑏)  

= 𝜏(𝑎)𝑏𝑥𝑏𝑎 + 𝑎𝜏(𝑏)𝑥𝑏𝑎 + 𝑎𝑏𝜏(𝑥)𝑏𝑎 + 𝑎𝑏𝑥𝜏(𝑏)𝑎 + 𝑎𝑏𝑥𝑏𝛿(𝑎) + 𝜏(𝑏)𝑎𝑥𝑎𝑏
+ 𝑏𝜏(𝑎)𝑥𝑎𝑏 + 𝑏𝑎𝜏(𝑥)𝑎𝑏 + 𝑏𝑎𝑥𝜏(𝑎)𝑏 + 𝑏𝑎𝑥𝑎𝛿(𝑏) 

𝑎𝑏𝑥𝛿(𝑏𝑎) + 𝑏𝑎𝑥𝛿(𝑎𝑏) =  𝑎𝑏𝑥𝜏(𝑏)𝑎 + 𝑎𝑏𝑥𝑏𝛿(𝑎) +  𝑏𝑎𝑥𝜏(𝑎)𝑏 +  𝑏𝑎𝑥𝑎𝛿(𝑏) 
𝑎𝑏𝑥((𝛿(𝑏𝑎) − 𝜏(𝑏)𝑎 − 𝑏𝛿(𝑎)) + 𝑏𝑎𝑥(𝛿(𝑎𝑏) − 𝜏(𝑎)𝑏 − 𝑎𝛿(𝑏)) 
𝑎𝑏𝑥𝑏𝑎 + 𝑏𝑎𝑥𝑎𝑏 = 0 
We know that 𝑎𝑏 = −𝑏𝑎 
(𝑏𝑎 − 𝑎𝑏)𝑥𝑎𝑏 = 0 
[𝑎, 𝑏]𝑥 𝑎𝑏 = 0 
Since lemma 2, we have 
𝑎𝑏𝑥[𝑎, 𝑏]  = 0. 
𝑪𝒐𝒓𝒐𝒍𝒍𝒂𝒓𝒚 𝟏: If 𝑅 is semiprime ring, then  𝑎𝑏 ∈ 𝑍(𝑅) 
𝑷𝒓𝒐𝒐𝒇: For arbitrary 𝑎, 𝑏, 𝑐, 𝑥 ∈ 𝑅, 
By theorem 1, we have𝑎𝑏+𝑐𝑥[𝑎, 𝑏 + 𝑐] = 0. 
Again using theorem 1, we get 
 𝑎𝑏𝑥[𝑎, 𝑐] + 𝑎𝑐𝑥[𝑎, 𝑏] = 0 
𝑎𝑏𝑥[𝑎, 𝑐] = −𝑎𝑐𝑥[𝑎, 𝑏]                                                                                                                                 (9) 
Multiplying (9) with 𝑎𝑏𝑥[𝑎, 𝑐]𝑦  on both sides 
And so (𝑎𝑏𝑥[𝑎, 𝑐]𝑦(𝑎𝑏𝑥[𝑎, 𝑐]) = −𝑎𝑏𝑥[𝑎, 𝑐]𝑦𝑎𝑐𝑥[𝑎, 𝑏] = 0 
By lemma 2, we have [𝑎, 𝑐]𝑦𝑎𝑐 = 0 
This implies that 𝑎𝑏𝑥[𝑎, 𝑐] = 0 
Similarly, we have 𝑎𝑏𝑥[𝑑, 𝑐] = 0  for all 𝑑 ∈ 𝑅 
In particular [𝑎𝑏 , 𝑐]𝑥[𝑎𝑏 , 𝑐] = (𝑎𝑏𝑐 − 𝑐𝑎𝑏)𝑥[𝑎𝑏 , 𝑐] = 𝑎𝑏(𝑐𝑥)[𝑎𝑏 , 𝑐] = 0 
This yields that [𝑎𝑏 , 𝑐] = 0 
⟹ 𝑎𝑏 ∈ 𝑍(𝑅). 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟐:Let 𝑅 be 2-torsion free prime ring, then every left generalized Jordan derivation on  𝑅 is a 
leftgeneralized derivation. 
𝑷𝒓𝒐𝒐𝒇: Suppose that 𝛿:𝑅 → 𝑅 is a left generalized Jordan derivation and 𝜏 is the relating Jordan 
derivation on 𝑅 . By the proof of corollary 1, we have that 𝑎𝑏𝑥[𝑐,𝑑] = 0 for all  𝑎, 𝑏, 𝑐,𝑑, 𝑥 ∈ 𝑅.We have 
two case 
𝑪𝒂𝒔𝒆𝟏 :𝑅 𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 

𝑇ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒𝑒𝑥𝑖𝑠𝑡𝑠 𝑐,𝑑 ∈ 𝑅 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 [𝑐,𝑑] ≠ 0𝑏𝑦 𝑡ℎ𝑒 𝑝𝑟𝑖𝑚𝑛𝑒𝑠𝑠 𝑜𝑓 𝑅,𝑤𝑒 𝑐𝑜𝑛𝑐𝑙𝑢𝑑𝑒 𝑡ℎ𝑎𝑡 𝑎𝑏
= 0, 𝑖. 𝑒 𝛿 𝑖𝑠 𝑙𝑒𝑓𝑡 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑜𝑛 

𝑪𝒂𝒔𝒆𝟐:𝑅 is commutative 
Let  𝑤 = 𝛿(𝑎2𝑏 + 𝑏𝑎2) 
=𝛿(𝑎(𝑎𝑏) + (𝑏𝑎)𝑎) 

= 𝜏(𝑎)𝑎𝑏 + 𝑎𝛿(𝑎𝑏) + 𝜏(𝑏𝑎)𝑎 + 𝑏𝑎𝛿(𝑎) 
𝑊 = 𝜏(𝑎)𝑎𝑏 + 𝑎𝛿(𝑎𝑏) + 𝜏(𝑏)𝑎2 + 𝑏𝜏(𝑎)𝑎 + 𝑏𝑎𝛿(𝑎) .(10) 
On the other hand, we have 
𝑊 = 𝜏(𝑎2)𝑏 + 𝑎2𝛿(𝑏) + 𝜏(𝑏)𝑎2 + 𝑏𝛿(𝑎2) 
𝑤 = 𝜏(𝑎)𝑎𝑏 + 𝑎𝜏(𝑎)𝑏 + 𝑎2𝛿(𝑏) + 𝜏(𝑏)𝑎2 + 𝑏𝜏(𝑎)𝑎 + 𝑏𝑎𝛿(𝑎)(11) 
From equation (10) &(11), we get 

𝜏(𝑎)𝑎𝑏 + 𝑎𝛿(𝑎𝑏) + 𝜏(𝑏)𝑎2 + 𝑏𝜏(𝑎)𝑎 + 𝑏𝑎𝛿(𝑎)
= 𝜏(𝑎)𝑎𝑏 + 𝑎𝜏(𝑎)𝑏 + 𝑎2𝛿(𝑏) + 𝜏(𝑏)𝑎2 + 𝑏𝜏(𝑎)𝑎 + 𝑏𝑎𝛿(𝑎) 

𝑎𝛿(𝑎𝑏) = 𝑎𝜏(𝑎)𝑏 + 𝑎2𝛿(𝑏) 
𝑎�𝛿(𝑎𝑏) − 𝜏(𝑎)𝑏 − 𝑎𝛿(𝑏)� = 0 
𝑎𝑎𝑏 = 0. 
A linearization of the above expression with respect to 𝑎 gives  
(𝑎 + 𝑐)(𝑎 + 𝑐)𝑏 = 𝑜   
(𝑎 + 𝑐)(𝑎𝑏 + 𝑐𝑏) = 0 
𝑎𝑎𝑏 + 𝑎𝑐𝑏 + 𝑐𝑎𝑏 + 𝑐𝑐𝑏 = 0 
We know that 𝑎𝑎𝑏 = 𝑐𝑐𝑏 = 0 
𝑎𝑐𝑏 + 𝑐𝑎𝑏 = 0. 
𝑎𝑐𝑏 = −𝑐𝑎𝑏 
𝑐𝑎𝑏𝑦𝑐𝑎𝑏 = −𝑐𝑎𝑏𝑦𝑎𝑐𝑏 = −𝑐𝑎𝑏𝑎𝑦𝑐𝑏 = −𝑐𝑎𝑎𝑏𝑦𝑐𝑏 = 0 
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𝑐𝑎𝑏𝑦𝑐𝑎𝑏 = 0. 
According to primness 
𝑐𝑎𝑏 = 0 
𝑎𝑏𝑐𝑎𝑏 = 0 
𝑎𝑏 = 0 
𝑅is left  generalized derivation 
𝑳𝒆𝒎𝒎𝒂 𝟑:For arbitrary𝑎, 𝑏, 𝑐 ∈ 𝑅 we have 𝛿(𝑎𝑏𝑐 + 𝑐𝑏𝑎) = 𝜏(𝑎)𝑏𝑐 + 𝑎𝜏(𝑏)𝑐 + 𝑎𝑏𝛿(𝑐) + 𝜏(𝑐)𝑏𝑎 +
𝑐𝜏(𝑏)𝑎 + 𝑐𝑏𝛿(𝑎). 
𝑷𝒓𝒐𝒐𝒇:The similar argument as in the proof of lemma 1, we have 
 𝑊 = 𝛿((𝑎 + 𝑐)𝑏(𝑎 + 𝑐)). 
On the one hand, 
𝑊 = 𝜏(𝑎 + 𝑐)𝑏(𝑎 + 𝑐) + (𝑎 + 𝑐)𝜏(𝑏)(𝑎 + 𝑐) + (𝑎 + 𝑐)𝑏𝛿(𝑎 + 𝑐) 
= �𝜏(𝑎) + 𝜏(𝑐)�(𝑏𝑎 + 𝑏𝑐) + �𝑎𝜏(𝑏) + 𝑐𝜏(𝑏)�(𝑎 + 𝑐) + (𝑎𝑏 + 𝑐𝑏)(𝛿(𝑎) + 𝛿(𝑐)) 
𝑊 = 𝜏(𝑎)𝑏𝑎 + 𝜏(𝑎)𝑏𝑐 + 𝜏(𝑐)𝑏𝑎 + 𝜏(𝑐)𝑏𝑐 + 𝑎𝜏(𝑏)𝑎 + 𝑎𝜏(𝑏)𝑐 + 𝑐𝜏(𝑏)𝑎 + 𝑐𝜏(𝑏)𝑐 + +𝑎𝑏𝛿(𝑎) +
𝑎𝑏𝛿(𝑐) + 𝑐𝑏𝛿(𝑎) + 𝑐𝑏𝛿(𝑐).(12) 
On the other hand, 
𝑊 = 𝛿(𝑎𝑏 + 𝑐𝑏)(𝑎 + 𝑐) 
= 𝛿(𝑎𝑏𝑎 + 𝑎𝑏𝑐 + 𝑐𝑏𝑎 + 𝑐𝑏𝑐) 
= 𝛿(𝑎𝑏𝑎) + 𝛿(𝑎𝑏𝑐 + 𝑐𝑏𝑎) + 𝛿(𝑐𝑏𝑐) 
𝑊 = 𝜏(𝑎)𝑏𝑎 + 𝑎𝜏(𝑏)𝑎 + 𝑎𝑏𝛿(𝑎) + 𝛿(𝑎𝑏𝑐 + 𝑐𝑏𝑎) + 𝜏(𝑐)𝑏𝑐 + 𝑐𝜏(𝑏)𝑐 + 𝑐𝑏𝛿(𝑐)(13) 

From (12) & (13) are equal, we get 
𝜏(𝑎)𝑏𝑎 + 𝜏(𝑎)𝑏𝑐 + 𝜏(𝑐)𝑏𝑎 + 𝜏(𝑐)𝑏𝑐 + 𝑎𝜏(𝑏)𝑎 + 𝑎𝜏(𝑏)𝑐 + 𝑐𝜏(𝑏)𝑎 + 𝑐𝜏(𝑏)𝑐 + +𝑎𝑏𝛿(𝑎) + 𝑎𝑏𝛿(𝑐)    
+𝑐𝑏𝛿(𝑎) + 𝑐𝑏𝛿(𝑐) = 𝜏(𝑎)𝑏𝑎 + 𝑎𝜏(𝑏)𝑎 + 𝑎𝑏𝛿(𝑎) + 𝛿(𝑎𝑏𝑐 + 𝑐𝑏𝑎) + 𝜏(𝑐)𝑏𝑐 + 𝑐𝜏(𝑏)𝑐 + 𝑐𝑏𝛿(𝑐) 
𝛿(𝑎𝑏𝑐 + 𝑐𝑏𝑎) = 𝜏(𝑎)𝑏𝑐 + 𝑎𝜏(𝑏)𝑐 + 𝑎𝑏𝛿(𝑐) + 𝜏(𝑐)𝑏𝑎 + 𝑐𝜏(𝑏)𝑎 + 𝑐𝑏𝛿(𝑎). 
For the purpose of this section we shall write  𝐴(𝑎𝑏𝑐) = 𝛿(𝑎𝑏𝑐) − 𝜏(𝑎)𝑏𝑐 − 𝑎𝜏(𝑏)𝑐 − 𝑎𝑏𝛿(𝑐) and 
𝐵(𝑎𝑏𝑐) = 𝑎𝑏𝑐 − 𝑐𝑏𝑎 
We list a few elementary properties of 𝐴and 𝐵: 

𝑖)𝐴(𝑎𝑏𝑐) + 𝐴(𝑐𝑏𝑎) = 0 ; 
𝑖𝑖)𝐴�(𝑎 + 𝑏)𝑐𝑑� = 𝐴(𝑎𝑐𝑑) + 𝐴(𝑏𝑐𝑑)and 𝐵�(𝑎 + 𝑏)𝑐𝑑� = 𝐵(𝑎𝑐𝑑) + 𝐵(𝑏𝑐𝑑); 
𝑖𝑖𝑖)𝐴(𝑎(𝑏 + 𝑐)𝑑) = 𝐴(𝑎𝑏𝑑) + 𝐴(𝑎𝑐𝑑)and 𝐵(𝑎(𝑏 + 𝑐)𝑑) = 𝐵(𝑎𝑏𝑑) + 𝐵(𝑎𝑐𝑑); 
𝑖𝑣)𝐴�𝑎𝑏(𝑐 + 𝑑)� = 𝐴(𝑎𝑏𝑐) + 𝐴(𝑎𝑏𝑑)and 𝐵�𝑎𝑏(𝑐 + 𝑑)� = 𝐵(𝑎𝑏𝑐) + 𝐵(𝑎𝑏𝑑). 

Lemma 4: Let 𝑅 be a semi prime ring, then for arbitrary 𝑎, 𝑏, 𝑐, 𝑥 ∈ 𝑅 we have 𝐵(𝑎𝑏𝑐)𝑥𝐴(𝑎𝑏𝑐) = 0. 
Proof:Let 𝑊 = 𝛿(𝑎𝑏𝑐𝑥𝑐𝑏𝑎 + 𝑐𝑏𝑎𝑥𝑎𝑏𝑐) 
On the one hand, 

𝑊 = 𝜏(𝑎𝑏𝑐)𝑥𝑐𝑏𝑎 + 𝑎𝑏𝑐𝜏(𝑥)𝑐𝑏𝑎 + 𝑎𝑏𝑐𝑥𝛿(𝑐𝑏𝑎) + 𝜏(𝑐𝑏𝑎)𝑥𝑎𝑏𝑐 + 𝑐𝑏𝑎𝜏(𝑥)𝑎𝑏𝑐 + 𝑐𝑏𝑎𝑥𝛿(𝑎𝑏𝑐) 
 𝑊 = (𝜏(𝑎)𝑏𝑐 + 𝑎𝜏(𝑏)𝑐 + 𝑎𝑏𝜏(𝑐))𝑥𝑐𝑏𝑎 + 𝑎𝑏𝑐 𝜏(𝑥)𝑐𝑏𝑎 + 𝑎𝑏𝑐𝑥𝛿(𝑐𝑏𝑎) + (𝜏(𝑐)𝑏𝑎 + 𝑐𝜏(𝑏)𝑎 +
𝑐𝑏𝜏(𝑎))𝑥𝑎𝑏𝑐 + 𝑐𝑏𝑎𝜏(𝑥)𝑎𝑏𝑐 + 𝑐𝑏𝑎𝑥𝛿(𝑎𝑏𝑐) 
𝑊 = 𝜏(𝑎)𝑏𝑐𝑥𝑏𝑎 + 𝑎𝜏(𝑏)𝑐𝑥𝑐𝑏𝑎 + 𝑎𝑏𝜏(𝑐)𝑥𝑐𝑏𝑎 + 𝑎𝑏𝑐𝜏(𝑥)𝑐𝑏𝑎 + 𝑎𝑏𝑐𝑥𝛿(𝑐𝑏𝑎) + 𝜏(𝑐)𝑏𝑎𝑥𝑎𝑏𝑐 +
𝑐𝜏(𝑏)𝑎𝑥𝑎𝑏𝑐 + 𝑐𝑏𝜏(𝑎)𝑥𝑎𝑏𝑐 + 𝑐𝑏𝑎𝜏(𝑥)𝑎𝑏 + 𝑐𝑏𝑎𝑥𝛿(𝑎𝑏c).(14) 
On the other hand,   
   𝑊 = 𝛿(𝑎(𝑏𝑐𝑥𝑐𝑏)𝑎 + 𝑐(𝑏𝑎𝑥𝑎𝑏)𝑐) 
 = 𝜏(𝑎)𝑏𝑐𝑥𝑐𝑏𝑎 + 𝑎𝜏(𝑏𝑐𝑥𝑐𝑏)𝑎 + 𝑎𝑏𝑐𝑥𝑐𝑏𝛿(𝑎) + 𝜏(𝑐)𝑏𝑎𝑥𝑎𝑏𝑐 + 𝑐𝜏(𝑏𝑎𝑥𝑎𝑏)𝑐 + 𝑐𝑏𝑎𝑥𝑎𝑏𝛿(𝑐) 
W = 𝜏(𝑎)𝑏𝑐𝑥𝑐𝑏𝑎 + 𝑎𝜏(𝑏)𝑐𝑥𝑐𝑏𝑎 + 𝑎𝑏𝜏(𝑐)𝑥𝑐𝑏𝑎 + 𝑎𝑏𝑐𝜏(𝑥)𝑐𝑏𝑎 + 𝑎𝑏𝑐𝑥𝜏(𝑐)𝑏𝑎 + 𝑎𝑏𝑐𝑥𝑐𝜏(𝑏)𝑎 +
𝑎𝑏𝑐𝑥𝑐𝑏𝛿(𝑎) + 𝜏(𝑐)𝑏𝑎𝑥𝑎𝑏𝑐 + 𝑐𝜏(𝑏)𝑎𝑥𝑎𝑏𝑐 + c𝑏𝜏(𝑎)𝑥𝑎𝑏𝑐 + c𝑏𝑎𝜏(𝑥)𝑎𝑏𝑐 + c𝑏𝑎𝑥𝜏(𝑎)𝑏𝑐 +
+cbaxaτ(b)c + c𝑏𝑎𝑥𝑎𝑏𝛿(𝑎).                                                                                                   (15) 
From equation (14) & (15), we get 
𝜏(𝑎)𝑏𝑐𝑥𝑏𝑎 + 𝑎𝜏(𝑏)𝑐𝑥𝑐𝑏𝑎 + 𝑎𝑏𝜏(𝑐)𝑥𝑐𝑏𝑎 + 𝑎𝑏𝑐𝜏(𝑥)𝑐𝑏𝑎 + 𝑎𝑏𝑐𝑥𝛿(𝑐𝑏𝑎) + 𝜏(𝑐)𝑏𝑎𝑥𝑎𝑏𝑐 +
𝑐𝜏(𝑏)𝑎𝑥𝑎𝑏𝑐  + 𝑐𝑏𝜏(𝑎)𝑥𝑎𝑏𝑐 + 𝑐𝑏𝑎𝜏(𝑥)𝑎𝑏 + 𝑐𝑏𝑎𝑥𝛿(𝑎𝑏c) =
𝜏(𝑎)𝑏𝑐𝑥𝑐𝑏𝑎 + 𝑎𝜏(𝑏)𝑐𝑥𝑐𝑏𝑎 + 𝑎𝑏𝜏(𝑐)𝑥𝑐𝑏𝑎 + 𝑎𝑏𝑐𝜏(𝑥)𝑐𝑏𝑎 + 𝑎𝑏𝑐𝑥𝜏(𝑐)𝑏𝑎 + 𝑎𝑏𝑐𝑥𝑐𝜏(𝑏)𝑎 +
𝑎𝑏𝑐𝑥𝑐𝑏𝛿(𝑎) + 𝜏(𝑐)𝑏𝑎𝑥𝑎𝑏𝑐 + 𝑐𝜏(𝑏)𝑎𝑥𝑎𝑏𝑐 + c𝑏𝜏(𝑎)𝑥𝑎𝑏𝑐 + c𝑏𝑎𝜏(𝑥)𝑎𝑏𝑐 + c𝑏𝑎𝑥𝜏(𝑎)𝑏𝑐 +
+cbaxaτ(b)c + c𝑏𝑎𝑥𝑎𝑏𝛿(𝑎)  
𝑎𝑏𝑐𝑥�𝛿(𝑐𝑏𝑎) − 𝜏(𝑐)𝑏𝑎 − 𝑐𝜏(𝑏)𝑎 − 𝑐𝑏𝛿(𝑎)� + 𝑐𝑏𝑎𝑥(𝛿(𝑎𝑏𝑐) − 𝜏(𝑎)𝑏𝑐 − 𝑎𝜏(𝑏)𝑐 − 𝑎𝑏𝛿(𝑐) = 0. 
𝑎𝑏𝑐𝑥𝐴(𝑐𝑏𝑎) + 𝑐𝑏𝑎𝑥𝐴(𝑎𝑏𝑐) = 0. 
From(𝑖),we have 𝐴(𝑎𝑏𝑐) + 𝐴(𝑐𝑏𝑎) = 0 
The above equation becomes 
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−𝑎𝑏𝑐𝑥𝐴(𝑎𝑏𝑐) + 𝑐𝑏𝑎𝑥𝐴(𝑎𝑏𝑐) = 0 
(𝑎𝑏𝑐 − 𝑐𝑏𝑎)𝑥𝐴(𝑎𝑏𝑐) = 0 
𝐵(𝑎𝑏𝑐)𝑥𝐴(𝑎𝑏𝑐) = 0. 
Theorem 3:Let  𝑅 be a semi prime ring, then  𝐴(𝑎𝑏𝑐)𝑥𝐵(𝑟𝑠𝑡) = 0  holds for  all     𝑎, 𝑏, 𝑐, 𝑥, 𝑟, 𝑠, 𝑡 ∈ 𝑅. 
Proof: By Lemma 4, we have  
 𝐵(𝑎𝑏𝑐)𝑥𝐴(𝑎𝑏𝑐) = 0 
Linearizing theabove equation, we have  
𝐵(𝑎 + 𝑟𝑏𝑐)𝑥𝐴(𝑎 + 𝑟𝑏𝑐) = 0 
�𝐵(𝑎𝑏𝑐) + 𝐵(𝑟𝑏𝑐)�𝑥�𝐴(𝑎𝑏𝑐) + 𝐴(𝑟𝑏𝑐)� = 0 
𝐵(𝑎𝑏𝑐)𝑥𝐴(𝑎𝑏𝑐) + 𝐵(𝑎𝑏𝑐)𝑥𝐴(𝑟𝑏𝑐) + 𝐵(𝑟𝑏𝑐)𝑥𝐴(𝑎𝑏𝑐) + 𝐵(𝑟𝑏𝑐)𝑥𝐴(𝑟𝑏𝑐) = 0 
𝐵(𝑟𝑏𝑐)𝑥𝐴(𝑎𝑏𝑐) +  𝐵(𝑎𝑏𝑐)𝑥𝐴(𝑟𝑏𝑐) = 0. 
𝐵(𝑟𝑏𝑐)𝑥𝐴(𝑎𝑏𝑐) = −𝐵(𝑎𝑏𝑐)𝑥𝐴(𝑟𝑏𝑐) 
𝐵(𝑟𝑏𝑐)𝑥𝐴(𝑎𝑏𝑐)𝑦𝐵(𝑟𝑏𝑐)𝑥𝐴(𝑎𝑏𝑐) = −𝐵(𝑎𝑏𝑐)𝑥𝐴(𝑟𝑏𝑐)𝑦𝐵(𝑟𝑏𝑐)𝑥𝐴(𝑎𝑏𝑐) = 0∀𝑦 ∈ 𝑅 
By the semiprimenessof  𝑅, we have that 𝐵(𝑟𝑏𝑐)𝑥𝐴(𝑎𝑏𝑐) = 0 
Similarly we can get that 𝐵(𝑟𝑠𝑐)𝑥𝐴(𝑎𝑏𝑐) = 0 and 
Further more𝐵(𝑟𝑠𝑡)𝑥𝐴(𝑎𝑏𝑐) = 0. 
Corollary 2: If 𝑅 is a prime ring and 𝑍(𝑅) ≠ {0}, then 𝐴(𝑎𝑏𝑐) ∈ 𝑍(𝑅)forall 𝑎, 𝑏, 𝑐 ∈ 𝑅. 
Proof: For arbitrary𝑎, 𝑏, 𝑐, 𝑥, 𝑟, 𝑠 ∈ 𝑅 we have  
𝐵(𝐴(𝑎𝑏𝑐)𝑟𝑠)𝑥𝐵(𝐴(𝑎𝑏𝑐)𝑟𝑠) = (𝐴(𝑎𝑏𝑐)𝑟𝑠 − 𝑠𝑟𝐴(𝑎𝑏𝑐))𝑥𝐵(𝐴(𝑎𝑏𝑐)𝑟𝑠 
= 𝐴(𝑎𝑏𝑐)𝑟𝑠𝑥𝐵(𝐴(𝑎𝑏𝑐)𝑟𝑠 − 𝑠𝑟𝐴(𝑎𝑏𝑐)𝑥𝐵(𝐴(𝑎𝑏𝑐)𝑟𝑠 = 0 
Primeness of 𝑅 yealds that 
𝐵(𝐴(𝑎𝑏𝑐)𝑟𝑠 = 0 
i.e.𝐴(𝑎𝑏𝑐)𝑟𝑠 = 𝑠𝑟𝐴(𝑎𝑏𝑐). 
Choose non zero 𝑟0 ∈ 𝑍(𝑅), then 𝐴(𝑎𝑏𝑐)𝑟0𝑠 = 𝑠𝑟0𝐴(𝑎𝑏𝑐) = 𝑠𝐴(𝑎𝑏𝑐)𝑟0, 
Which implies that 𝐴(𝑎𝑏𝑐)𝑟0 ∈ 𝑍(𝑅). 
Since 𝑅 is prime, 
We can easily conclude that 𝐴(𝑎𝑏𝑐) ∈ 𝑍(𝑅) 
𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝟒:Let  𝑅  be a 2-torsion free prime ring, then every left generalized Jordan triple derivation 
on 𝑅is a leftgeneralized derivation. 
𝑷𝒓𝒐𝒐𝒇: Suppose that𝛿:𝑅 → 𝑅  is a left generalized Jordan triple derivation and 𝜏 is the relating Jordan 
triple derivation on  𝑅. We have two cases 
𝑪𝒂𝒔𝒆 𝟏: There exists 𝑟, 𝑠, 𝑡 ∈ 𝑅 sush that 𝐵(𝑟𝑠𝑡) ≠ 0 
Theorem 3 and primeness of 𝑅 yield that 𝐴(𝑎𝑏𝑐) = 0 
Case 2:𝐵(𝑟𝑠𝑡) = 0,holds for all 𝑟, 𝑠, 𝑡 ∈ 𝑅 
i.e.𝑟𝑠𝑡 = 𝑡𝑠𝑟    
Let 𝑄 be the central closer or the martandale right quotient ring  of𝑅 (see [5] for the deffination) of 𝑅, then 
𝑄 is a primering  with  identity and contains 𝑅. By [3] 𝑄 satisfies the same generalized polynomial 
identities as𝑅. In particular 𝑟𝑠𝑡 = 𝑡𝑠𝑟 for all 𝑟, 𝑠, 𝑡 in𝑄.  Taking  𝑠 = 1 yields the commutativity of  𝑄 and 
𝑅. 
Now let 𝑤 = 𝛿(𝑎3𝑏𝑐 + 𝑐𝑏𝑎3) 
On the one hand,we have 
𝑤 = 𝜏(𝑎3)𝑏𝑐 + 𝑎3𝜏(𝑏)𝑐 + 𝑎3𝑏𝛿(𝑐) + 𝜏(𝑐)𝑏𝑎3 + 𝑐𝜏(𝑏)𝑎3 + 𝑐𝑏𝛿(𝑎3), 
𝑤 = 𝜏(𝑎)𝑎2𝑏𝑐 + 𝑎𝜏(𝑎)𝑎𝑏𝑐 + 𝑎2𝜏(𝑎)𝑏𝑐 + 𝑎3𝜏(𝑏)𝑐 + 𝑎3𝑏𝛿(𝑐) + 𝜏(𝑐)𝑏𝑎3 + 𝑐𝜏(𝑏)𝑎3 + 𝑐𝑏𝜏(𝑎)𝑎2 +
𝑐𝑏𝑎𝜏(𝑎)𝑎 + 𝑐𝑏𝑎2𝛿(𝑎).(16) 
On the other hand, we have 
 𝑤 = 𝛿(𝑎𝑏𝑐𝑎𝑎 + 𝑎𝑎𝑎𝑏𝑐) 
𝑤 = 𝜏(𝑎𝑏𝑐)𝑎2 + 𝑎𝑏𝑐𝜏(𝑎)𝑎 + 𝑎𝑏𝑐𝑎𝛿(𝑎) + 𝜏(𝑎)𝑎2𝑏𝑐 + 𝑎𝜏(𝑎)𝑎𝑏𝑐 + 𝑎2𝛿(𝑎𝑏𝑐) 
𝑤 = 𝜏(𝑎)𝑏𝑐𝑎2 + 𝑎𝜏(𝑏)𝑐𝑎2 + 𝑎𝑏𝜏(𝑐)𝑎2 + 𝑎𝑏𝑐𝜏(𝑎)𝑎 + 𝑎𝑏𝑐𝑎𝛿(𝑎) + 𝜏(𝑎)𝑎2𝑏𝑐 + 𝑎𝜏(𝑎)𝑎𝑏𝑐 +
𝑎2𝛿(𝑎𝑏𝑐).(17) 
The two expressions yield that  
𝑎2[𝛿(𝑎𝑏𝑐) − 𝜏(𝑎)𝑏𝑐 − 𝑎𝜏(𝑏)𝑐 − 𝑎𝑏𝛿(𝑎)] = 0 
i.e𝑎2𝐴(𝑎𝑏𝑐) = 0 
Then we have (𝐴(𝑎𝑏𝑐)𝑎)𝑥(𝐴(𝑎𝑏𝑐)𝑎) 
𝐴(𝑎𝑏𝑐)𝑎2𝑥(𝐴(𝑎𝑏𝑐) = 𝑜 
Hence 𝐴(𝑎𝑏𝑐)𝑎 = 0, 
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Furthermore .with same approach in the proof of the theorem 2, we obtain 𝐴(𝑎𝑏𝑐)𝑥 = 0and so 
𝐴(𝑎𝑏𝑐)𝑥𝐴(𝑎𝑏𝑐) = 0 which implies that 𝐴(𝑎𝑏𝑐) = 0 
It remains to prove that 𝛿 is a left generalized derivation. 
Again, let 𝑎, 𝑏, 𝑐,𝑑,𝑥,𝑦 be arbitrary elements of  𝑅 and  
𝑤 = 𝛿(𝑎𝑏𝑥𝑎𝑏). 
On the one hand, we have 
 𝑤 = 𝜏(𝑎𝑏)𝑥𝑎𝑏 + 𝑎𝑏𝜏(𝑥)𝑎𝑏 + 𝑎𝑏𝑥𝛿(𝑎𝑏), 
On the other hand, we have 
 𝑤 = 𝜏(𝑎)𝑏𝑥𝑎𝑏 + 𝑎𝜏(𝑏𝑥𝑎)𝑏 + 𝑎𝑏𝑥𝑎𝛿(𝑏). 
Then we have  
 𝑎𝑏𝑥�𝛿(𝑎𝑏) − 𝜏(𝑎)𝑏 − 𝑎𝛿(𝑏)� = 0 
By the notation 𝑎𝑏 = 𝛿(𝑎𝑏) − 𝜏(𝑎)𝑏 − 𝑎𝛿(𝑏),  we get 
𝑎𝑏𝑥𝑎𝑏 = 0.  
Furthermore  (𝑎 + 𝑐)𝑏𝑥(𝑎 + 𝑐)𝑏 = 0 
This shows that 𝑐𝑏𝑥𝑎𝑏 = −𝑎𝑏𝑥𝑐𝑏 and 
(𝑐𝑏𝑥𝑎𝑏)𝑦(𝑐𝑏𝑥𝑎𝑏) = −𝑎𝑏𝑥(𝑐𝑏𝑦𝑐𝑏)𝑥𝑎𝑏 , 
Hence 𝑐𝑏𝑥𝑎𝑏 = 0. 
Similarly we have 𝑐𝑑𝑥𝑎𝑏 = 0 
In particular c𝑎𝑏𝑥𝑐𝑎𝑏 = 0 
And so  𝑐𝑎𝑏 = 0, which leads to𝑎𝑏 = 0. 
Every left generalized Jordan triple derivation on 2-torsion free semi prime ring is a left generalized  
derivation. 
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