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INTRODUCTION AND PRELIMINARIES

Throughout this paper R will be represent an associative ring with center Z(R). Recall that R is a prime if
aRb = 0 implies that either a = 0 or b = 0 and is semiprime if aRa = 0 implies a = 0. An additive map
d: R — R is called a derivation of R if d (xy) = d(x)y + xd(y) for all x,y in R. An additive map
F:R — R is called a generalized derivation if there exists a derivation d: R — R such that F(xy) =
F(x)y +xd(y)for allx,y € R.An additive map F: R — R is called a left generalized derivation if
there exists a derivation d: R = R such that F(xy) = d(x)y +x F(y) for all x,y € R. An additive
map §: R — R is called a left generalized Jordan derivation if there exists a derivation : R — R such
that §(x?) = 7(x)x +x &8(x) forallx,y € R. An additive map &:R — Ris called a left generalized
Jordan triple derivation if there exists a derivation t: R — R such that §(abc) = t(a)bc + a t(b)c +
abd(c) for all a,b,c € R. The concept of generalized derivations, Jordan derivations and Jordan triple
derivation was introduced by Hvala [4] and Bresar [1]. Generalized Jordan derivation defined by J.Zhu and
C.Xiong[5]. Wu jing and shijie lu [6] studied generalized Jordan derivations on prime rings and standard
operator algebras . In this paper we proved some results of left generalized Jordan derivation and left
generalized Jordan triple derivation in 2-torsion free prime ring is a left generalized derivation.

Main results:

Lemmal: For all a, b,c € R the following statements hold:
i)6(ab + ba) = t(a)b + ad(b) + t(b)a + bé(a);
ii)6(aba) = t(a)ba + at(b)a + abd(a);

iii)d(abc + cba) = t(a)bc + at(b)c + abd(c) + t(c) ba + ct(b)a + cb5(a).
Proof:i)s(a + b)* = §((a+b)(a+ b)) =t(a+b)(a+b)+ (a+b)sa+b)

=t(a)a+ t(a)b + t(b)a + 1(b)b + ad(a) + ad(b) + bS(a) + b5 (b).
§(a+b)? =1(a)a+t(a)b+ t(b)a+ t(b)b + ad(a) + ad(b) + bS(a) + bS(b). (1)
On the other hand, we have
§(a+b)>=6a+b)a+b))
=§(a? + ab + ba + b?) = §(a?) + §(ab + ba) + §(b?)
=1(a)a + ad(a) + 6(ab + ba) + t(b)b + bS(b).
§(a+ b)? = 1(a)a + ad(a) + §(ab + ba) + t(b)b + bS(b). (2)
From (1) &(2),we have
t(a)a + t(a)b + t(b)a + ©(b)b + ad(a) + ad(b) + b5(a) + b6(b)

=1(a)a+ ad(a) + §(ab + ba) + t(b)b + b6 (b)
6(ab + ba) = t(a)b + ad(b) + t(b)a + bé(a).
ii) Let W = &(a(ab + ba) + (ab + ba)a).
On one hand, we have
W = 1(a)(ab + ba) + aé(ab + ba) + t(ab + ba)a + (ab + ba)d(a)
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W =t(a)ab + t(a)ba + a(r(a)b +aé(b) + t(b)a + bd(a)) + (T(a)b + at(b) + t(b)a + br(a))a
+ abé(a) + bad(a)
W = t(a)ab + t(a)ba + ar(a)b + a?>5(b) + at(b)a + abd(a)) + (t(a)b + at(b) + t(b)a +
bt(a) )a + abé(a) + bad(a). 3)
On the other hand, we have
W = §(a®b + 2aba + ba?).
W =t(a®)b + a?5(b) + 28(aba) + t(b)a? + b5 (a?)
W = (t(a)a + at(a))b + a?8(b) + 26 (aba) + t(b)a? + b(r(a)a + ad(a))
W = t(a)ab + at(a)b + a?86(b) + 26 (aba) + t(b)a? + br(a)a + bad(a). 4)
From (3) & (4), we have
7(a)ab + t(a)ba + at(a)b + a*8(b) + at(b)a + abS(a)) + t(a)ba + at(b)a + t(b)a? + br(a)a
+ abé(a) + bad(a)
=1(a)ab + at(a)b + a?8(b) + 26(aba) + t(b)a? + br(a)a + bad(a)

26(aba) = 2t(a)ba + 2at(a)b + 2 abd(a)
Since R is 2-torsion free, we get
6(aba) = 1(a)ba + at(a)b + abd(a).
(iit) Linearizing (ii) by replacing a by a + ¢
6((a +c)b(a + c)) =t(a+c)bla+c)+ (a+c)rb)la+c)+ (a+c)bs(a+c)
From L.H.S
6((a +c)b(a + c)) = 6((ab + cb)(a + c))
= §(aba + abc + cbha + cbc)
= §(aba) + 6(abc) + §(cba) + 6(cbc)
= t(a)ba + at(b)a + abd(a) + §(abc + cba) + t(c)bc + ct(b)c + chb(c)
6(((1 +c)b(a + c)) = t(a)ba + at(b)a + abs(a) + §(abc + cba) + t(c)bc + ct(b)c + cb5(c). (5)
FromR.H.S
t(a+c)bla+c)+ (a+c)rb)(a+c)+ (a+c)bs(a+c)
= (t(a) + 7(c))(ba + bc) + (at(b) + ct(b))(a + c) + (ab + cb)(6(a) + 5(c))
= t(a)ba + t(a)bc + t(c)ba + 1(c)bc + at(b)a + at(b)c + ct(b)a + ct(b)c + ab 6(a) + cb 6(a) +
ab 6(c) + cbS(c). (6)
From (5) & (6), we get

t(a)ba + at(b)a + abd(a) + 6(abc + cha) + t(c)bc + ct(b)c + cbd(c)

= t(a)ba + t(a)bc + t(c)ba + 1(c)bc + at(b)a + at(b)c + ct(b)a + ct(b)c
+ ab&(a) +¢cb 6(a) + ab 6(c) + cbS(c)

6(abc + cba) =1(a)bc + at(b)c + ab §(c) + 1(c)ba + ct(b)a + cb §(a).
Lemma 2:[2]Let R be a semi prime ring if axb = 0 for all x € R, thenbxa = 0.
It will be convenient to denote a? = §(ab) — t(a)b — ad(b) and[a, b] = ab — ba.
We can easily, we have

a? = —b%,

ii)al*c = a? + a5;

iii)(a + b)¢ = a® + b".
Theorem 1: If R is semiprime, then a®x [a, b] = 0 for arbitrary a, b, x € R.
Proof: LetW = §(abxba + baxab),
W = §((ab)x(ba) + (ba)x(ab))
On theone hand, we have
W = t(ab)xba + abt(x)ba + abx§(ba) + t(ba)xab + bat(x)ab + baxé(ab)

W = (t(a)b + at(b))xba + abt(x)ba + abxd(ba) + (t(b)a + bt(a))xab + bat(x)ab + baxs(ab)
W = t(a)bxba + at(b)xba + abt(x)ba + abxé(ba) + t(b)axba + bt(a)xab + bat(x)ab +
baxd(ab). )
On the other hand, we have

W = §(a(bxb)a + b(axa)b)
= t(a)bxba + at(bxb)a + abxbs(a) + 1(b)axab + bt(axa)b + baxad(b)
W = t(a)bxba + at(b)xba + abt(x)ba + abxt(b)a + abxbd(a) + t(b)axab + bt(a)xab +
bat(x)ab + baxt(a)b + baxad (b). (8)
From equation (7) & (8), we get
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t(a)bxba + at(b)xba + abt(x)ba + abxd(ba) + t(b)axba + bt(a)xab + bat(x)ab + baxé(ab)

= t(a)bxba + at(b)xba + abt(x)ba + abxt(b)a + abxbd(a) + t(b)axab
+ bt(a)xab + bat(x)ab + baxt(a)b + baxad (b)

abx&(ba) + bax§(ab) = abxt(b)a + abxbé(a) + baxt(a)b + baxas(b)

abx((6(ba) — t(b)a — bé(a)) + bax(6(ab) —1(a)b — ad (b))

abxb® + baxa® =

We know that a? = —p*

(ba — ab)xa? =0

[a,b]x a® =0
Since lemma 2, we have
alx[a,b] = 0.

Corollary 1: 1f R is semiprime ring, then a? € Z(R)

Proof: For arbitrary a, b, ¢, x € R,

By theorem 1, we havea’*“x[a, b + c] = 0.

Again using theorem 1, we get

a’x[a,c] + a‘x[a,b] =0

a’x[a, c] = —a‘x[a, b] 9)
Multiplying (9) with a’x[a, c]y on both sides

And so (a’x[a, cly(a’x[a,c]) = —aPx[a,clya‘x[a,b] = 0

By lemma 2, we have [a, c]ya® =0

This implies that a’x[a,c] = 0

Similarly, we have a®x[d,c] = 0 foralld € R

In particular [a?, c]x[a?, c] = (aPc — ca?)x[a?, c] = a®(cx)[a®,c] =0

This yields that [a?,c] = 0

= a’ € Z(R).

Theorem 2:Let R be 2-torsion free prime ring, then every left generalized Jordan derivation on R is a
leftgeneralized derivation.

Proof: Suppose that 5: R — R is a left generalized Jordan derivation and 7 is the relating Jordan
derivation on R . By the proof of corollary 1, we have that a’x[c,d] = 0 for all a,b,c,d,x € R.We have
two case
Casel :Ris not commutative
Then thereexists ¢,d € R such that [c,d] # 0by the primness of R,we conclude that ab
= 0,i.e § is left generalized derivation
Case2:R is commutative
Let w = §(a?b + ba?)
=6(a(ab) + (ba)a)
= t(a)ab + ad(ab) + 1(ba)a + bad(a)
W = t(a)ab + ad(ab) + t(b)a? + br(a)a + bad(a) .(10)
On the other hand, we have
W =1(a®)b + a?6(b) + t(b)a® + bé(a?)
w = t(a)ab + at(a)b + a?8(b) + t(b)a? + br(a)a + bad(a)(11)
From equation (10) &(11), we get
t(a)ab + ad(ab) + t(b)a® + br(a)a + bas(a)
= t(a)ab + ar(a)b + a?5(b) + t(b)a? + br(a)a + bad(a)
ad(ab) = ar(a)b + a?5(b)
a(S(ab) —1(a)b — aS(b)) =0
aa’ = 0.
A linearization of the above expression with respect to a gives
(a+c)a+c) =0
(a+c)@ +c?)=0
aa’ + ac? + ca®’ + cc? =0
We know that aa®? = cc? = 0
ac’? + ca® = 0.
ac? = —ca?
calyca®? = —calyac? = —ca’ayc® = —caa’yc? = 0
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calyca® = 0.
According to primness
ca’ =0
alca? =0
a? =0
Ris left generalized derivation
Lemma 3:For arbitrarya, b, c € R we have §(abc + cha) = t(a)bc + at(b)c + ab5(c) + t(c)ba +
ct(b)a + cbé(a).
Proof:The similar argument as in the proof of lemma 1, we have
W =68((a+ c)b(a + c)).
On the one hand,
W=tla+c)bla+c)+ (a+c)yt(b)(a+c)+ (a+c)bd(a+ )
= (r(a) + T(c))(ba + bc) + (ar(b) + cr(b))(a +c¢) + (ab + cb)(6(a) + 6(c))
W = t(a)ba + t(a)bc + t(c)ba + t(c)bc + at(b)a + at(b)c + ct(b)a + ct(b)c + +abs(a) +
abs(c) + cbé(a) + cb5(c).(12)
On the other hand,
W = 8(ab + cb)(a +¢)
= §(aba + abc + cba + cbc)
= §(aba) + 6(abc + cba) + 6(chc)
W = 1(a)ba + at(b)a + ab§(a) + §(abc + cba) + t(c)bc + ct(b)c + cbd(c)(13)

From (12) & (13) are equal, we get
t(a)ba + t(a)bc + 1(c)ba + t(c)bc + at(b)a + at(b)c + ct(b)a + ct(b)c + +abd(a) + abs(c)
+cbé(a) + cbd(c) = 1(a)ba + at(b)a + abd(a) + 6(abc + cba) + 1(c)bc + ct(b)c + cbb(c)
6(abc + cbha) = t(a)bc + at(b)c + abs(c) + t(c)ba + ct(b)a + chd(a).
For the purpose of this section we shall write A(abc) = &§(abc) — t(a)bc — at(b)c — abd(c) and
B(abc) = abc — cha
We list a few elementary properties of Aand B:

i)A(abc) + A(cha) =0 ;

i)A((a + b)cd) = A(acd) + A(bcd)and B((a + b)cd) = B(acd) + B(bcd);

ii)A(a(b + c)d) = A(abd) + A(acd)and B(a(b + ¢)d) = B(abd) + B(acd);

iv)A(ab(c + d)) = A(abc) + A(abd)and B(ab(c + d)) = B(abc) + B(abd).
Lemma 4: Let R be a semi prime ring, then for arbitrary a, b, ¢, x € R we have B(abc)xA(abc) = 0.
Proof:Let W = §(abcxcba + chaxabc)
On the one hand,

W = t(abc)xcba + abct(x)cba + abcxd(cba) + t(cha)xabc + cbat(x)abc + cbaxd (abc)
W = (z(a)bc + at(b)c + abt(c))xcba + abc t(x)cba + abcx§(cba) + (t(c)ba + ct(b)a +
cbt(a))xabc + cbat(x)abc + cbaxd(abc)
W = t(a)bcxba + at(b)cxcba + abt(c)xcha + abct(x)cba + abcxd(cha) + t(c)baxabe +
ct(b)axabc + cbt(a)xabc + chat(x)ab + cbaxé(abc).(14)
On the other hand,
W = é(a(bcxcb)a + c(baxab)c)

= t(a)bcxcba + at(bcxcb)a + abcxcbS (a) + t(c)baxabe + ct(baxab)c + chaxabd(c)
W = t(a)bcxcba + at(b)cxchba + abt(c)xcbha + abct(x)cba + abext(c)ba + abcxct(b)a +
abcxcbé(a) + t(c)baxabe + ct(b)axabc + cht(a)xabc + cbat(x)abc + chaxt(a)bc +
+cbaxat(b)c + chaxabd (a). (15)
From equation (14) & (15), we get
t(a)bcxba + at(b)cxcba + abt(c)xcba + abct(x)cba + abexS(cha) + t(c)baxabc +
ct(b)axabc + cbt(a)xabc + cbat(x)ab + chaxé(abc) =
t(a)bcxcba + ar(b)cxcba + abt(c)xcba + abct(x)cba + abcxt(c)ba + abexcr(b)a +
abcxcbd (a) + t(c)baxabce + ct(b)axabc + cbt(a)xabc + chat(x)abc + chaxt(a)bc +
+cbaxat(b)c + chaxabd(a)
abcx(&(cba) —1(c)ba — ct(b)a — ch(a)) + cbax(6(abc) — t(a)bc — at(b)c — abd(c) = 0.
abcxA(cha) + cbaxA(abc) = 0.
From(i),we have A(abc) + A(cha) =0
The above equation becomes
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—abcxA(abc) + chaxA(abc) =0

(abc — cha)xA(abc) =0

B(abc)xA(abc) = 0.

Theorem 3:Let R be a semi prime ring, then A(abc)xB(rst) = 0 holds for all a,b,c,x,7,s,t € R.

Proof: By Lemma 4, we have

B(abc)xA(abc) = 0

Linearizing theabove equation, we have

B(a + rbc)xA(a +rbc) =0

(B(abc) + B(rbc))x(A(abc) + A(rbc)) =0

B(abc)xA(abc) + B(abc)xA(rbc) + B(rbc)xA(abc) + B(rbc)xA(rbc) =0
B(rbc)xA(abc) + B(abc)xA(rbc) = 0.

B(rbc)xA(abc) = —B(abc)xA(rbc)

B(rbc)xA(abc)yB(rbc)xA(abc) = —B(abc)xA(rbc)yB(rbc)xA(abc) = 0Vy € R
By the semiprimenessof R, we have that B(rbc)xA(abc) = 0

Similarly we can get that B(rsc)xA(abc) = 0 and

Further moreB (rst)xA(abc) = 0.

Corollary 2: If R is a prime ring and Z(R) # {0}, then A(abc) € Z(R)forall a, b, c € R.

Proof: For arbitrarya, b, ¢, x,7, s € R we have
B(A(abc)rs)xB(A(abc)rs) = (A(abc)rs — srA(abc))xB(A(abc)rs
= A(abc)rsxB(A(abc)rs — srA(abc)xB(A(abc)rs =0

Primeness of R yealds that

B(A(abc)rs =0

i.e.A(abc)rs = srA(abc).

Choose non zero 1, € Z(R), then A(abc)rys = sryA(abc) = sA(abc)r,,
Which implies that A(abc)ry € Z(R).

Since R is prime,

We can easily conclude that A(abc) € Z(R)

Theorem 4:Let R be a 2-torsion free prime ring, then every left generalized Jordan triple derivation
on Ris a leftgeneralized derivation.

Proof: Suppose thats: R — R is a left generalized Jordan triple derivation and t is the relating Jordan
triple derivation on R. We have two cases

Case 1: There exists 7, s, t € R sush that B(rst) = 0
Theorem 3 and primeness of R yield that A(abc) = 0

Case 2:B(rst) = 0,holds for all r,s,t € R

i.erst = tsr

Let Q be the central closer or the martandale right quotient ring ofR (see [5] for the deffination) of R, then
Q isaprimering with identity and contains R. By [3] Q satisfies the same generalized polynomial
identities asR. In particular rst = tsr for all r, s, t inQ. Taking s = 1 yields the commutativity of Q and
R.

Now let w = §(a®bc + cba?®)

On the one hand,we have

w = 1(a®)bc + a®t(b)c + a®b5(c) + 1(c)ba® + ct(b)a® + cbé(a?),

w = 1(a)a’bc + ar(a)abc + a?t(a)bc + a3t(b)c + a®bS(c) + t(c)ba® + cr(b)a® + cbr(a)a® +
chat(a)a + cha?5(a).(16)

On the other hand, we have

w = é(abcaa + aaabc)

w = 1(abc)a? + abct(a)a + abcad(a) + t(a)a?bc + ar(a)abc + a?6(abc)

w = t(a)bca? + at(b)ca? + abt(c)a? + abct(a)a + abcad(a) + t(a)a’bc + ar(a)abc +
a?8(abc).(17)

The two expressions yield that

a?[5(abc) — t(a)bc — at(b)c — abd(a)] = 0

i.ea’4(abc) =0

Then we have (A(abc)a)x(A(abc)a)

A(abc)a?x(A(abc) = o

Hence A(abc)a = 0,
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Furthermore .with same approach in the proof of the theorem 2, we obtain A(abc)x = 0and so
A(abc)xA(abc) = 0 which implies that A(abc) = 0

It remains to prove that § is a left generalized derivation.
Again, let a, b, ¢, d, x, y be arbitrary elements of R and
w = 6(abxab).

On the one hand, we have

w = t(ab)xab + abt(x)ab + abxé(ab),

On the other hand, we have

w = t(a)bxab + at(bxa)b + abxad(b).

Then we have

abx(8(ab) — t(a)b — ad(b)) = 0

By the notation a®? = §(ab) — t(a)b — ad(b), we get
abxa? = 0.

Furthermore (a + c)bx(a + c)? =0

This shows that chxa? = —abxc? and
(chxa?)y(cbxa?) = —abx(c?ycb)xa®,

Hence cbxa? = 0.

Similarly we have cdxa? = 0

In particular ca’xca? = 0

And so ca®? = 0, which leads toa® = 0.

Every left generalized Jordan triple derivation on 2-torsion free semi prime ring is a left generalized

derivation.
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